Abstract. Scott proved in 1997 that for any tree T , every graph with bounded clique number which does not contain any subdivision of T as an induced subgraph has bounded chromatic number. Scott also conjectured that the same should hold if T is replaced by any graph H. Pawlik et al. recently constructed a family of triangle-free intersection graphs of segments in the plane with unbounded chromatic number (thereby disproving an old conjecture of Erdős). This shows that Scott's conjecture is false whenever H is obtained from a non-planar graph by subdividing every edge at least once.
Introduction
A class of graph is χ-bounded if there is a function f such that every graph G in the class satisfies χ(G) ≤ f (ω(G)), where χ(G) is the chromatic number and ω(G) is the clique number of G. It is well known that the class of all graphs is not χ-bounded [6] .
Gyárfás [3] conjectured that for any tree T , the class of graphs that do not contain T as an induced subgraph is χ-bounded. This conjecture is still open, but Scott proved the following topological variant in 1997 [8] : for any tree T , the class of graphs that do not contain any subdivision of T as an induced subgraph is χ-bounded. Scott conjectured that the same property should hold whenever T is a tree or not (on the other hand, it is easy to see that Gyárfás's conjecture is false if T contains a cycle [2] ). Conjecture 1.1 (Scott's conjecture [8] ). For any H, the class of graphs excluding all subdivisions of H as an induced subgraph is χ-bounded.
A ≥ k-subdivision of G of a (multi)graph G is a graph obtained from G by subdividing each edge at least k times, i.e. replacing every edge of G by a path on at least k + 1 edges. A recent result [7, 4] shows that Scott's conjecture is false whenever H is a ≥ 1-subdivision of a non-planar graph. The proof is based on a construction of a family of triangle-free intersection graphs of segments in the plane with unbounded chromatic number (the existence of such graphs also disproved a conjecture of Erdős). Since no ≥ 1-subdivision of a non-planar graph can be represented as the intersection of arcwise-connected sets in the plane (in particular, such subdivisions cannot be represented as an intersection graph of line segments) no such graph appears as an induced subgraph in the construction. Therefore, graphs in the construction exclude all subdivisions of 1-subdivisions of non-planar graphs as induced subgraph. Hence, the 1-subdivision of any non-planar graph is a counterexample to Scott's conjecture.
Recently, Walczak [9] showed how to slightly modify the construction of [7, 4] to obtain a family of graphs with no stable sets of linear size (in particular, with unbounded fractional chromatic number). Therefore the following stronger result can be deduced: for any non-planar graph H, there exist graphs with no ≥ 1-subdivision of H as an induced subgraph, and with no stable sets of linear size.
Note that the construction of [7, 4] gives the same family of graphs as a construction of Burling (1965) , who proved that triangle-free intersection graphs of axis-parallel boxes in R 3 have unbounded chromatic number.
1.1. Our results. Our purpose is to give a precise characterization of all graphs H such that no subdivision of H appears as an induced subgraph in the construction of [7, 4] . This extended set of graphs will then provide new counterexamples to Scott's conjecture [8] .
A consequence of Pawlik et al.'s result [7, 4] is that Scott's conjecture is false for any graph obtained from K 5 by subdividing every edge at least once. We show that Scott's conjecture is also false for any graph obtained from K 4 by subdividing every edge once. Note that proving that Scott's conjecture holds for any subdivision of K 3 is equivalent to a long standing conjecture of Gyárfás [3] , which remains open. We also prove that if G is a 2-connected multigraph with no vertex intersecting every cycle of G, then any graph obtained from G by subdividing every edge at least twice is a counterexample to Scott's conjecture.
Our proof uses the following remarkable aspect of Pawlik et al.'s [7, 4] proof: The graphs in the construction can be obtained not only as intersection graphs of segments in the plane, but as intersection of a wide range of arcwise-connected shapes in the plane. In this paper, we will use the fact that graphs in the construction can be represented as a restricted frame graphs (see Section 2 for the definition).
Instead of focusing on the construction, we will focus on triangle-free graphs H such that no subdivision of H can be represented as a restricted frame graph. These subdivisions do not appear as induced subgraphs in the construction, so it follows that such graphs H are counterexamples to Scott's conjecture. It turns out that graphs in the modified construction of Walczak [9] can be obtained from graphs in Pawlik et al.'s construction [7, 4] by adding twins. As the class of restricted frame graphs is stable by the operation of twin addition (see Remark 2.5), the graphs H we find are also counterexamples to a weaker version of Scott's conjecture, where the chromatic number is replaced by the fractional chromatic number.
In Section 3, we give a rather general result on the structure of such graphs H. In Section 4, we focus on subdivisions of K 4 , characterizing precisely which subdivisions of K 4 can be represented as restricted frame graphs, and which cannot. In Section 5, we show that for every multigraph G, either all ≥ 2-subdivisions of G can be represented as restricted frame graphs, or none of them can. Finally in Section 6 we show that we did not lose too much generality by studying graphs that cannot be represented as restricted frame graphs (instead of graphs that do not appear in the construction): for every every multigraph G, if some ≥ 2-subdivision H of G can be represented as a restricted frame graph, then H appears as induced subgraph in the construction of Pawlik et al.'s [7, 4] and in the modified construction of Walczak [9] .
Restricted frame graphs
As stated in the introduction, our proof relies on the analysis of the following class of graphs. Definition 2.1. An axis-parallel box in R 2 is the cartesian product of two intervals of R. A frame is the boundary of an axis-parallel box in R 2 . Definition 2.2. A graph G is a restricted frame graph if it is the intersection graph of a family of frames with the restrictions that (1) corners of a frame do not coincide with any point of another frame, (2) the left side of any frame does not intersect any other frame, and (3) if the right side of a frame intersects a second frame, this right side intersects both the top and bottom of this second frame. (4) if two frames have non empty intersection, then no frame is (entirely) contained in the intersection of the regions bounded by the two frames.
A representation of a restricted frame graph G, is a set of frames F = {F v | v ∈ G} where each F v is a frame and such that these frames satisfy the above restrictions and uv ∈ E(G) if and only if F u intersects F v .
We refer to F v as the frame of v and v as the vertex of F v . Figure 1 . The only possible intersection pattern between two frames in a restricted frame graph.
2.1. Basic properties of restricted frame graphs. Remark 2.3. As a consequence of restriction (1), when needed, we may assume all vertical sides (of all frames) occupy different x-coordinates and all horizontal sides (of all frames) occupy different y-coordinates.
Remark 2.4.
A consequence of the restriction (3) is that any frame which intersects the top edge of another frame also intersects the bottom edge of that frame. Figure 1 illustrates the only way two frames are allowed to intersect in a representation of a restricted frame graph. Note that by (4) , no other frame is allowed to be contained in the intersection of their interior.
Two non-adjacent vertices u and v of a graph G are said to be twins if
Remark 2.5. If a graph G has a restricted frame representation and if v is a vertex of G, the graph obtained by adding a twin of v to G also has a restricted frame representation (where the twin is represented by a frame just inside the frame of v).
On triangle-free restricted frame graphs
In this section, we characterize connected triangle-free restricted frame graphs that cannot be disconnected by the removal of the closed neighborhood of a vertex. We first describe a simple subclass of restricted frame graphs.
A graph obtained from a tree T by adding a vertex v adjacent to every leaf of T is called a chandelier. The vertex v is called the pivot of the chandelier. If the tree T has the property that the neighbor of each leaf has degree two, then the chandelier is a luxury chandelier. Note that any subdivision of a (luxury) chandelier is a (luxury) chandelier.
Lemma 3.1. Any chandelier is a restricted frame graph.
Proof. Any rooted tree can be represented in such a way that the root is the leftmost frame, and leaves are the rightmost frames (see Figure 2 ). Now we simply add the pivot v as a large box intersecting exactly these rightmost frames.
The remainder of this section is devoted to proving a converse of this theorem for triangle-free graphs without full star-cutsets, which we now define. A chandelier has no full star-cutset if and only if it is a luxury chandelier.
Proof. For any tree T , if T contains a vertex v of degree at least 3, any neighbor of v is the center of a full star-cutset. Since any path with length at least 4 has a full star-cutset, T is a path on at most 4 vertices. It is easily checked that a luxury chandelier has no full star-cutset, by considering successively the cases where the deleted vertex is the vertex v, a leaf of the tree (this is where the assumption that the chandelier is luxury is used), or any other vertex of the tree.
In a chandelier that is not a luxury chandelier, some leaf v of the tree has a parent of degree at least 3 and is therefore the center of a full star-cutset in the chandelier.
We now state the main result of this section, whose proof will be given in Section 3.4, after all needed lemmas. Theorem 3.3. Suppose H is a connected triangle-free graph with no full star-cutset and H * is a subdivision of H. Then H * is a restricted frame graph if and only if H is either a path on at most 4 vertices or a luxury chandelier.
This result has the following direct consequence.
Corollary 3.4. Every connected triangle-free graph H with no full starcutset which is neither a path on at most 4 vertices, nor a luxury chandelier is a counterexample to Scott's conjecture.
A ≥ 1-subdivision of K 4 is an example of a graph satisfying the hypothesis of this corollary. However, cycles of length at least 5 do not as they are luxury chandeliers. Scott's conjecture for cycles of length at least 5, which is equivalent to a conjecture of Gyárfás [3] , remains open.
3.1. Representations of restricted frame graphs. To prove Theorem 3.3, we need some more properties of restricted frame graphs. We say that a frame F 1 contains a frame F 2 if F 1 and F 2 do not intersect and F 2 is completely contained in the region bounded by F 1 . If F 1 contains F 2 , we also say that F 2 is inside F 1 . If F 1 and F 2 do not intersect and F 2 is not inside F 1 , we say that F 2 is outside F 1 . Note that if two frames intersect, none of these frames is inside another.
Lemma 3.5 (Path Lemma). Let F = {F v | v ∈ G} be a representation of a restricted frame graph G. For any vertices u, v, w ∈ G where F u is inside F v and F w is outside F v and any path P from u to w, P either contains v or has an edge to v.
Proof. Assume that P does not contain v. Since F u is inside F v and F w is outside F v , there are two consecutive vertices x, y in P such that F x is inside F v and F y is not inside F v . Since F x and F y intersect, F y contains a curve connecting a point inside F v and a point outside F v . It follows from Jordan's curve theorem that F y intersects F v . Hence, y is adjacent to v in G. The Path Lemma has the following important consequence.
Moreover, if there exists another vertex u ∈ C such that F u contains the frame of every vertex in
Proof. We may assume that C contains at least 4 vertices, since otherwise the result holds trivially for any vertex v ∈ C. We now show how to find v. Among the subset X C of vertices of C whose frame's right edge intersects the frame of another vertex of C, pick v ∈ X C with the largest x-coordinate for the right edge of its frame F v .
We claim that the frames of the vertices of
To see this, let u ∈ C be a vertex whose frame intersects the right edge of u and w be the neighbor of u on C distinct from v. By the maximality of v, the intersection of F w and F u lies inside the region bounded by F v (otherwise we would have chosen u or w instead of v). Since C contains at least 4 vertices, w is not adjacent to v and therefore F w is inside Given some representation F of G as a restricted frame graph and some induced cycle C of G, we refer to a vertex v of C whose frame contains every other frame of vertices of C non-adjacent to v as a big vertex of C. The frame F v is called a big frame of C. The big vertices of F is the set of all big vertices for all cycles of G. Note that these definitions depend on the chosen representation.
To give a flavor of the proof of Theorem 3.3, we show that no ≥ 2-subdivision of K 4 is a restricted frame graph. We will prove later the stronger result that in fact, no ≥ 1-subdivision of K 4 is a restricted frame graph.
Proof. Suppose not and let F be a representation of a ≥ 2-subdivision G of K 4 . By the Cycle Lemma, any subdivided cycle C 1 in G has a big vertex
, is connected, and contains some vertex of C 1 . By the Path Corollary, it follows that F v 1 contains the frame of all
3.3. Triangle-free restricted frame graphs. Recall that the construction of [7, 4] has no triangle, and we try to give a precise characterization of graphs which appear as an induced subgraph in the construction. Graphs that contain a triangle are clearly not contained in the construction, so we can restrict ourselves to the study of triangle-free restricted frame graphs.
Another point is that the disjoint union of two graphs G and H is a restricted frame graph if and only if G and H are restricted frame graphs. (As we shall see, induced subgraphs of the construction are also closed under taking disjoint union.) So we can also restrict ourselves to the study of connected graphs.
Lemma 3.9. Let F = {F v | v ∈ G} be a representation of a connected triangle-free restricted frame graph G. If G has no full star-cutset, the big vertices of F form a clique of G. In particular, there are at most two big vertices.
Proof. Note that by Lemma 3.7, if a cycle C has two big vertices in F, they are adjacent. Consider now two distinct cycles C u and C v of G and let u (resp. v) be a big vertex of C u (resp. C v ) in F, with u = v. Assume for the sake of contradiction that u and v are not adjacent. Since G − N [v] is connected, u and some (remaining) vertex of C v are in the same connected component of G − N [v] (since G is triangle-free, C v has length at least four and so V (C v ) − N [v] is non-empty). By the Path Corollary, F v contains F u . A symmetric argument yields that F v is also contained in F u , which is a contradiction.
We conclude this subsection with two easy observations on triangle-free graphs with no full star-cutset.
Observation 3.10. Let G be a connected triangle-free graph with no full star-cutset. Then G has no cut-vertex of degree at least three. Moreover if G is not a path with at most 4 vertices, then G has minimum degree at least 2.
Proof. Assume that v is a cut-vertex of degree at least 3. If G − v has more than two components, then removing the closed neighbourhood of any neighbor u of v removes v and at most one component of G − v and so u is the center of a full star-cutset, a contradiction. Otherwise G − v has precisely two components, and one of the two components contains at least two neighbors u and w of v, while the other contains at least one neighbor t of v. Since G is triangle-free, u and w are not adjacent, and so removing N [u] removes v and disconnects w from t. Thus, N [u] is a full star-cutset, which is a contradiction.
So G contains no cut-vertex of degree at least 3. Now assume that G is not a path with at most four vertices. If G contains a vertex x of degree one, let P be a maximal induced path starting at x and such that all internal vertices have degree two. Let y be the other end of P . Since G is neither of path with at most 4 vertices, nor a path with more than 4 vertices (such graphs contain a full star-cutset), the vertex y has degree at least 3. Moreover, y is a cut-vertex separating P from its other neighbors, a contradiction to G having no such vertex. Observation 3.11. If G is a connected triangle-free graph with no full starcutset and G is not a path on at most 4 vertices, then any subdivision G * of G is also a (connected triangle-free) graph with no full star-cutset.
Proof. Using induction, it is enough to prove this claim when G * is obtained from G by subdividing some edge uv once, adding a new vertex w. Note that for any non-neighbor
is a cutset in G. Indeed, the only difference between the connected components is that in
. It follows that non-neighbors of u (and by symmetry, non-neighbors of v) in G are not centers of star-cutsets in G * . Since G is triangle-free, u and v have no common neighbors in G. Therefore, it only remains to check that u, v and w are not centers of full star-cutsets in G * .
If
has a component containing only v. But since u and v have no common neighbor in G, it follows that v has degree one in G, which contradicts 
We first prove our theorem assuming this lemma.
Proof of Theorem 3.3. Let H be a connected triangle-free graph with no full star-cutset, and let H * be a subdivision of H.
If H is a path or a chandelier, then H * is also a path or a chandelier, and it follows from Lemma 3.1 that H * is a restricted frame graph.
Conversely, suppose H * is a restricted frame graph. We may assume H is not a path on at most 4 vertices or we already have the desired conclusion. By Observation 3.11, H * is also a connected triangle-free graph with no full star-cutset. So by Lemma 3.12, H * is a path or a chandelier. It follows that H is also a path or a chandelier. Since H has no full star-cutset, by Observation 3.2, H is a path on at most 4 vertices or a luxury chandelier.
It remains to prove Lemma 3.12.
Proof of Lemma 3.12. Let H be a connected triangle-free graph with no full star-cutset that is not a path. Assume that H is a restricted frame graph, and let F = {F v | v ∈ H} be a representation of H. By Lemma 3.9, H has at most two big vertices in F. By Observation 3.10, H has minimum degree at least two. It follows that H contains a cycle and therefore H has at least one big vertex in F.
If there is exactly one big vertex u in H, then H − {u} is a forest, and since N [u] is not a cutset of H, H − N [u] is a tree T . Observe that every neighbor v of u has exactly one neighbor in T , for if v had two neighbors v 1 , v 2 in T , then the path between v 1 and v 2 in T together with the vertex v would form a cycle in H not containing u, contradicting the fact H − {u} is a forest. As H is triangle-free, it follows that H − u is a tree T , and as H has minimum degree 2, the leaves of T are exactly the neighbors of u. This proves that H is a chandelier, as desired.
We may now assume H has precisely two big vertices u and v in F. Then u and v are adjacent by Lemma 3.9. Since the cycle for which u is big has length at least 4, F u contains the frame of some vertex on that cycle which is not adjacent to u. Since H has no full star cutset, H −N [u] is connected and by the Path Corollary, the frames of non-neighbors of u are inside F u and by symmetry the frames of non-neighbors of v are inside F v . Since F u and F v intersect, by property (4) of restricted frame graphs, a vertex cannot be non-adjacent to both u and v. Since H is triangle-free, it implies that {u, v},
is not a cutset, the subgraph induced by the neighbors of u distinct from v is connected. Since  N [u] is not a cutset, the subgraph induced by the neighbors of v distinct from u is connected. Since H is triangle-free, each of these subgraphs is either empty or a single vertex. Since H is not a path, it follows that H is a cycle of length 4, and thus H is a chandelier.
While the condition in Theorem 3.3 may seem technical, it applies to a wide range of graphs, including small ones. For example, any ≥ 2-subdivision of one of the graphs in Figure 3 satisfies Theorem 3.3's hypothesis and hence are not restricted frame graphs. 
Subdivisions of K 4
We now focus on subdivisions of K 4 . It was proved by Scott (see [5] ) that there exists a constant c such that graphs with no induced subdivisions of K 4 have chromatic number at most c. It remains interesting to understand which subdivisions of K 4 are responsible for this bound on the chromatic number.
The type of a subdivision of K 4 is the number of subdivided edges in the original copy of K 4 . For instance, a type 6 subdivision of K 4 is obtained from K 4 by subdividing each edge at least once, while a type 0 subdivision of K 4 is just a copy of K 4 .
Corollary 3.4 directly implies that any type 6 or type 5 subdivision of K 4 , and any type 4 subdivision of K 4 in which the non-subdivided edges of K 4 are non-incident are counterexamples to Scott's conjecture. In this section, we show that every other triangle-free subdivisions of K 4 can be represented as a restricted frame graph.
In Figure 4 , we show that starting from a frame representation of a graph G, and given a specific edge uv of G, we can inductively construct frame representations of graphs obtained from G by subdividing the edge uv. These operations are only valid if the intersection of the frames of u and v in the original representation of G is of a certain type. We omit the details, since it can be easily checked that these operations work fine in the representations of the graphs of Figure 5 . Figure 4 . A vertical dashed line corresponds to an intersection we replace by (a path of) frames, so that given a frame representation of the original graph, we can deduce a frame representation of any graph obtained by subdividing the edge uv.
We can now state our result about triangle-free subdivisions of K 4 . Theorem 4.1. Let G be a triangle-free subdivision of K 4 . Then G is a restricted frame graphs if and only if
(1) G is K 4 with at most 3 of the 6 edges subdivided, or (2) G is K 4 with 4 subdivided edges and the two non-subdivided edges are incident to each other.
Proof. From Corollary 3.4, we know that any type 6 or type 5 subdivision of K 4 , and any type 4 subdivision of K 4 in which the non-subdivided edges of K 4 are non-incident cannot be a restricted frame graph. For the other triangle-free subdivisions of K 4 , the construction is given in Figure 5 . The convention on the figure is the following: vertical dashed lines correspond to intersections we replace by (a path of) frames according to Figure 4 .
For the graph on the left of Figure 5 , we can subdivide the edges 35 and 46 as depicted in Figure 4 (top), the edge 37 as depicted in Figure 4 (middle), and the edge 12 as depicted in Figure 4 (bottom).
For the graph on the right of Figure 5 , we can subdivide the edge 13 as depicted in Figure 4 (top), the edge 25 as depicted in Figure 4 (middle), and the edge 46 as depicted in Figure 4 (bottom).
It can be checked that for these two graphs, the introduction of (paths of) frames as depicted in Figure 4 yields representations satisfying (1)- (4) in Definition 2.2, therefore all the subdivisions of K 4 considered here are restricted frame graphs.
≥ 2-Subdivisions of multigraphs
A vertex v of a graph G such that G − v is a forest is called a feedback vertex of G. We make the following remark.
Remark 5.1. If a full star-cutset in a ≥ 2-subdivision of some multigraph G contains a vertex v of G, then v is a cut-vertex of G.
Therefore, a direct consequence of Theorem 3.3 is the following: Corollary 5.2. Let G be a 2-connected multigraph with no feedback vertex. Then no ≥ 2-subdivision of G is a restricted frame graph.
We now characterize all restricted frame graphs that are a ≥ 2-subdivision of some multigraph.
Lemma 5.3. Consider a restricted frame graph G 1 and a chandelier G 2 , and let v ∈ G 1 . Then the graph G obtained from the disjoint union of G 1 , G 2 by identifying v with the pivot of the chandelier G 2 is a restricted frame graph.
Proof. Let F = {F u | u ∈ G 1 } be a representation of G 1 as a restricted frame graph. By the definition of a restricted frame graph, there exists a small rectangular region R, whose interior contains the top right corner of F v , and does not intersect any other F u , u = v, and is not contained in any
Take a representation D of G 2 minus its pivot as a tree with all leaves on the right, such as the one depicted in Figure 2 , shrink it and put D inside R, so that all leaves intersect the right side of F v .
The union of F and the shrunk version of D is a representation of G. Figure 6 ) is a restricted frame graph.
Proof. Suppose not and let F be a representation of H * . BothĤ 1 and H 2 have two disjoint digons which correspond to two vertex disjoint cycles C 1 , C 2 in H * . Since no vertex of these digons is a cut-vertex (and no edge of the digon is a cut-edge), no vertex in C i is the center of a star cutset in H * . In particular v i , the big vertex of C i in F, is not the center of a star-cutset in H * . Thus, by the Path corollary, F v 1 is inside F v 2 and F v 2 is inside F v 1 , a contradiction.
Given a connected graph G, define a bipartite graph B G = (U, V, E) as follows. The elements of U correspond to cut-vertices of G, while the elements of V correspond to maximal 2-connected components (also called blocks 1 in the remainder) of G. There is an edge in B G between an element of U and an element of V if the corresponding cut-vertex belongs to the corresponding block. It is well known that B G is a tree, called the block decomposition, or the block tree of G, and that all leaves of the tree are in V . If one block of G is set as the root of the decomposition, we obtain a rooted block decomposition of G. In a rooted block decomposition of G, the parent cut-vertex of a block of G distinct from the root is defined naturally. Theorem 5.5. For any connected multigraph G, either all ≥ 2-subdivisions of G are restricted frame graphs, or none of them are. Moreover, given a connected multigraph G, it can be determined in linear time whether G satisfies the former or the latter property.
Proof. Our algorithm proceeds as follows.
(1) Build the block tree of G. Remove leaves as long as their parent cut-vertex is a feedback vertex of the leaf. (2) If more than one block is left: answer no. (3) If one block is left: decide if it has a feedback vertex and answer yes if there is one and no otherwise. To do this, find any cycle (greedily using DFS), greedily find an ear of the cycle. Then check if any of the two vertices at the end of the ear are feedback vertices.
We now prove the correctness of the algorithm. It is enough to prove that if the algorithm answers yes for some input graph G, then any ≥ 2-subdivision of G is a restricted frame graph, while if the algorithm answers no, then no ≥ 2-subdivision of G is a restricted frame graph.
Assume first that the algorithm answers yes. Observe that any ≥ 2-subdivision of a 2-connected multigraph with a feedback vertex v is a chandelier with pivot v, or a path (if the multigraph is a K 2 ). It follows from the algorithm that any ≥ 2-subdivision of G can be obtained from a chandelier or a path by repeatedly applying the operation from Lemma 5.3 or adding a pendant vertex. This lemma implies that any ≥ 2-subdivision of G is a restricted frame graph.
Assume now that the algorithm answers no. So the algorithm either stopped at step (2) or (3). If the algorithm stopped at step (3), then by Corollary 5.2 no ≥ 2-subdivision of G is a restricted frame graph. So suppose the algorithm stopped at step (2). It follows from step (1) that in this case, the decomposition contains at least two leaves G 1 and G 2 . Let v 1 and v 2 be the parent cut-vertices of G 1 and G 2 . Since v i is not a feedback vertex of G i , G i − v i contains an (induced) cycle C i . Moreover, since G i is 2-connected (and distinct from a single edge, since otherwise v i would be a feedback vertex of G i ), for any two vertices on C i there are internally vertex disjoint paths connecting them to v i . Choose C i and these two vertices on C i in such a way that the maximum of the length of the two paths is minimized. Then add a shortest path between v 1 and v 2 in G to C 1 , C 2 , and the four paths. It can be checked the subgraph induced by the vertices of these paths and cycles is isomorphic to a subdivision of eitherĤ 1 orĤ 2 . It follows from Lemma 5.4 that no ≥ 2-subdivision of G is a restricted frame graph.
We obtain the following decomposition result as a direct consequence of the proof of Theorem 5.5. It will be used in the next section.
Corollary 5.6. For any connected multigraph G such that some ≥ 2-subdivision of G is a restricted frame graph, G has a rooted block decomposition where the root block has a feedback vertex, and for each block B distinct from the root block, the parent cut-vertex of B is a feedback vertex of B.
The construction
Our ultimate goal is to characterize graphs G such that no subdivision of G appear as an induced subgraph in the construction of [7] . But in the previous sections, we instead characterized graphs G where no subdivision of G is a restricted frame graph, which at first seems more restrictive. In this section, we bridge this gap by showing that the two classes are in fact the same for ≥ 2-subdivisions.
We first show that any graph appearing as an induced subgraph in the construction of [7] can be obtained by repeatedly applying two fairly simple operations, add and join. We then use Corollary 5.6 to deduce that restricted frame graphs that are ≥ 2-subdivisions of some multigraph appear as an induced subgraph in the construction. Definition 6.1. A graph-stable set pair (G, S) is a graph G together with a set S of stable sets of G.
A graph-stable set pair (G, S) is an induced subgraph-stable set pair of (H, S ) if G is an induced subgraph of H and S is a subset of the restriction of S to the vertices of G.
We define an iterative process which yields exactly the graphs in Burling and Pawlik et al.'s construction. Definition 6.2. We define a procedure next which takes as input a graphstable set pair (G, S) and returns a graph-stable set pair (G , S ). (G , S ) is obtained from (G, S) by (1) adding |S| disjoint copies (H S , S(H S )) of (G, S), indexed by stable sets S ∈ S, (2) adding a vertex v S,T whose neighborhood is exactly T for each S ∈ S and for each T ∈ S(H S ), and (3) setting S as the union of {S ∪ T | S ∈ S, T ∈ S(H S )} and {S ∪ {v S,T } | S ∈ S, T ∈ S(H S )}. Figure 7 . The graph-stable set pairs from the first 3 steps of the construction. Vertices v S,T are white and each stable set in S ∈ S is a dashed line through the elements of S.
Definition 6.3. We say that a graph-stable set pair (G, S) is constructible if it is an induced subgraph-stable set pair of next i (G 0 , S 0 ) for some i, where
We drew the first few graph-stable set pairs next j (G 0 , S 0 ) in Figure 7 and it is not too difficult to check that the graph of next j (G 0 , S 0 ) is the jth graph of Burling and Pawlik et al.'s construction for each j. We can now state this section's main result.
Theorem 6.4. For every restricted frame graph H that is also a ≥ 2-subdivision of some graph, there is a subset S of stable sets of H for which (H, S) is constructible.
As a consequence, any restricted frame graph H that is also a ≥ 2-subdivision (of some multigraph) appears as an induced subgraph of the construction.
To prove Theorem 6.4, we use two simple operations that preserve constructability rather than next.
Definition 6.5. By adding a vertex v on S to a graph-stable set pair G, S with S ∈ S, we mean to build a new graph-stable set pair (H, S ) where H is G with a new vertex labelled v whose neighborhood is S and S = S ∪{{v}}.
We define the function add as add((G, S), S) = (H, S ).
By joining a graph-stable set pair (G 1 , S 1 ) to a graph-stable set pair (G 2 , S 2 ) on S ∈ S 2 , we mean to build a graph-stable set pair (H, S ) where H is the disjoint union of G 1 and G 2 and S = (
We define the function join as join((
In other words, the operation add adds a vertex to the graph adjacent to all vertices of a specific stable set and then adds a stable set containing only this new vertex. The second operation is the disjoint union of two graphs and the elements of a specific stable set in the second graph-stable set pair are added to all stable sets of the first graph-stable set pair.
To simplify the discussion, we allow joining on the empty stable set (which results in the disjoint union of the graph and the disjoint union of the stable sets). This can be simulated by adding a vertex v using add, joining on {v}, and then removing v (by taking an induced subgraph-stable set pair).
The following observations tell us that applying these two operations to constructible graph-stable set pairs yields a constructible graph-stable set pair.
Observation 6.6. add((G, S), S) is an induced subgraph-stable set pair of next(G, S) for any S ∈ S. Proof. To see this, take any T ∈ S and note that v T,S has the desired neighborhood in the subgraph of the graph of next(G, S) induced by
Moreover by definition of next(G, S), the stable sets in the graph-stable set pair of next(G, S) induced by V (G T ) ∪ {v T,S } are precisely S ∪ {v T,S }, as desired. S 1 ) and (G 2 , S 2 ) are both induced subgraph-stable set pairs of (H, S), then for any S ∈ S 2 , join((G 1 , S 1 ), (G 2 , S 2 ), S) is an induced subgraph-stable set pair of next(H, S).
Proof. To see this, consider next(H, S): the original copy of (H, S) contains an induced copy of (G 2 , S 2 ), and the new copy (H S , S(H S )) contains an induced copy of (G 1 , S 1 ).
There exists S ∈ S such that S = S ∩ V (G 2 ) and for each S 1 ∈ S 1 , there exists S 1 ∈ S such that S 1 = S 1 ∩ V (G 1 ). Note that S ∪ S 1 is a stable set of next(H, S), and that S ∪ S 1 = (S ∪ S 1 ) ∩ (V (G 1 ) ∪ V (G 2 )). Moreover, for each S 2 ∈ S 2 − S, there exists S 2 ∈ S such that S 2 = S 2 ∩ V (G 2 ). Note that S 2 ∪ {v S 2 ,S } is a stable set of next(H, S), and that
is an induced subgraph-stable set pair of next(H, S).
We sum up the previous observations into the following remark.
are constructible graph-stable set pairs, then for any S ∈ S 2 , add((G 2 , S 2 ), S) and join((G 1 , S 1 ), (G 2 , S 2 ), S) are constructible graph-stable set pairs.
add's preservation of constructability has the following easy consequence.
Lemma 6.9. For any tree T , (T, {{u} | u ∈ T }) is a constructible graphstable set pair.
Proof. Start with the singleton graph-stable set pair and repeatedly apply add to build T .
Recall that by Corollary 5.6, if a restricted frame graph H is a ≥ 2-subdivision of some multigraph G, then G has a rooted block decomposition such that for any block B distinct from the root block, the parent cut-vertex of B is a feedback vertex of B. Moreover, the root block contains a feedback vertex r. This decomposition of G induces a decomposition of H with the same properties. We insist on the fact that this decomposition of H is not a block decomposition as defined earlier, since a block consisting of a single edge in G corresponds to a block consisting of a path on at least 3 edges in H (such a path is not 2-connected). However, any block distinct from a single edge in G corresponds to a 2-connected block in H. We will refer to this decomposition of H as a pseudo-decomposition, and the ≥ 2-subdivision of each block of G will be called a pseudo-block of H.
Note that this pseudo-decomposition has the additional property that any cut-vertex of G distinct from r (the feedback vertex of the root block) is at distance at least 3 from r in H. In what follows, r will be simply called the root of H.
Our proof of Theorem 6.4 is inductive and requires the following technical inductive hypothesis.
Lemma 6.10. Let H be a connected restricted frame graph that is a ≥ 2-subdivision of some multigraph G, and let r the root of H. Then there is a set S of stable sets of H − N [r] containing all singletons {v}, where v is at distance 2 from r in H, such that the graph-stable set pair (H − N [r], S) is constructible.
Proof. We prove the result by induction on the number of vertices of H. If H is 2-connected then H − N [r] is a tree and the result follows from Lemma 6.9. Otherwise, for any cut-vertex s of G lying in the root block R, let R, H Consequently, it follows from the fact that the disjoint union of two constructible graph-stable set pairs is a constructible graph-stable set pair (see the remark above on joining on the empty set), that for any s, the disjoint union of all (H i s −N [s], S i s ), i ≥ 1, forms a constructible graph-stable set pair. We will refer to this graph-stable set pair as (H s , S s ).
By Lemma 6.9, H 0 = R − N [r] together with the set S 0 = {{v} | v ∈ R − N [r]} is a constructible graph-stable set pair. Let s 1 , . . . , s be the cutvertices of G lying in R − r. We define two graphs G i and H i and a family of stable sets S i iteratively as follows. For i = 1 . . . , let (G i , S i ) be obtained by joining (H s i , S s i ) and (H i−1 , S i−1 ) on {s i }. This join operation creates stable sets {s i , u} for all vertices u at distance 2 from s i in H s i (while S i still contains singletons {s j } for any j > i). Let H i be obtained from G i by adding, for each such pair {s i , u} a new vertex adjacent to s i and u. We now define a graph-stable set pair (H , S ) as follows: if r is not a cut-vertex in G, then (H , S ) = (H , S ), and otherwise (H , S ) is the graph-stable set pair obtained by taking the disjoint union of (H , S ) and (H r , S r ) (i.e., joining them on the empty set).
It follows from the fact that H is a ≥ 2-subdivision of some multigraph, that H is precisely H − N [r] and S has the desired property (since vertices at distance two from r in H are not cut-vertices).
It remains to prove Theorem 6.4.
Proof of Theorem 6.4. Observe that (H, S) is constructible for some set S of stable sets of H, if and only if all its connected components are. Hence, it is enough to prove the theorem when H is connected. In this case, by Lemma 6.10, there is a set S of stable sets of H − N [r], where r is the feedback vertex of the root pseudo-block of the pseudo decomposition, such that S contains all singletons {v} where v is at distance two from r in H. Let H r consist of a single vertex r, and S r = {{r}}. We join the constructible graph-stable set pair (H r , S r ) and (H − N [r], S ) on {r}, and the obtained graph-stable set pair contains pairs {u, r} for any u is at distance two from r in H. The graph obtained by adding a vertex adjacent to u and r, for every such pair, is precisely H.
Combining Theorems 5.5 and 6.4, and the discussion about joining on the emptyset, we obtain the following immediate corollary. 
